In a recent paper Cañate (CQG, 35, 025018 (2018)) proved a no hair theorem to static and spherically symmetric or stationary axisymmetric black holes in general f (R) gravity. The theorem applies for isolated asymptotically flat or asymptotically de Sitter black holes and also in the case when vacuum is replaced by a minimally coupled source having a traceless energy momentum tensor. This theorem excludes the case of pure quadratic gravity, f (R) = R 2 . In this paper we use the scalar tensor representation of general f (R) theory to show that there are no hairy black hole in pure R 2 gravity. The result is limited to spherically symmetric black holes but does not assume asymptotic flatness or de-Sitter asymptotics as in most of the no-hair theorems encountered in the literature. We include an example of a static and spherically symmetric black hole in R 2 gravity with a conformally coupled scalar field having a Higgs-type quartic potential.
I. INTRODUCTION
Following the no-hair conjecture (also known as the no-hair theorem (NHT)) [1] [2] [3] which precludes the existence of asymptotically flat black holes solutions of Einstein's field equations with additional parameters (the so called hair) besides the mass, angular momentum and charge of the black hole, there have been several generalizations of this conjecture, particularly in other theories of gravity such as Brans-Dicke theory, scalar tensor theories [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] and Horndeski gravity [15, 16] . Eventually a number of counterexamples to this conjecture consisting of black holes with scalar hair have been obtained in other theories such as Einstein-Yang-Mills Dilaton theory, Einstein-Dilaton-Gauss-Bonnet theory [20] and shift-symmetric Galileon theories [21] .
The discovery of the present accelerating cosmic expansion with type Ia supernovae led to an increased interest in modified theories of gravity. Instead of using dark energy as the source of the cosmic expansion these theories modify gravity to be repulsive on cosmological scales. A popular class of modified gravity are the f (R) theories, in which the Lagrangian in the Einstein-Hilbert action is replaced by an arbitrary function of the Ricci scalar R. So far there are several specific f (R) theories that have been suggested as producing a late time accelerated cosmic expansion. However only a few of these satisfy the classical tests of General Relativity. A number of authors [22] [23] [24] [25] [26] [27] have investigated various black hole vacuum solutions in f (R) gravity with different asymptotics, and all of these were found to have a constant Ricci scalar curvature R. It will be shown later that when R is constant the field equations of f (R) gravity reduce to Einstein's field equations with an effective gravitation and cosmological constants. In this sense these solutions are trivial because they are equivalent to the black hole solutions in Eisntein's gravity. On the other hand in the presence of matter it is possible to find static and spherically symmetric [28] [29] [30] [31] [32] [33] [34] [35] solutions having non-constant Ricci curvature. However these solutions are obtained numerically and it is not clear whether these can be matched to exact exterior solutions as in GR for example.
Recently Cañate [36] presented a NHT for static and spherically symmetric black holes in f (R) theory, which proves that black holes solutions in this theory are trivial (meaning that they have constant R). This result was also generalized to stationary and axisymmetric black holes. The theorem is valid for asymptotically flat or asymptotically de-Sitter spacetimes in vacuum or in the case when there is a minimally coupled matter with a traceless energymomentum tensor. The proof assumes that the functions 1 U ′ (f R ) = (2f − Rf R )/3 and its derivative U ′′ (f R ) are positive definite, and therefore it excludes the case
This result is similar to an earlier no-hair theorem (see Refs. [8, 22, 37] ) for static asymptotically flat black holes in f (R) theory. In this case the authors have used the scalar tensor representation of f (R) theory, and the theorem is actually proved in the Einstein conformal frame. Roughly it states that in an Einstein-φ system, in which the potential associated with the scalar field φ satisfies U(φ) ≥ 0, any asymptotically flat static and spherically symmetric black hole is the hairless Schwarzschild solution. Later Sotiriou and Faraoni [13] extended this to a much more generalized class of scalar tensor theories, assuming stationarity instead of staticity but keeping asymptotic 1 Note that the subscript in f R indicates differentiation of f with respect to the Ricci scalar R flatness and adopting the weaker convexity requirement that U ′′ (φ) ≥ 0. R 2 -theory is the simplest example of the more general quadratic gravity theories whose action contains terms that are second order in the curvature tensor, namely
where c i are dimensionless coupling constants, C µνρσ is the Weyl tensor andR µν = R µν − 1 4 g µν R is the traceless part of the Ricci tensor R µν . Partly due to their scale invariant properties which forbids the presence of any length scale, these theories have always generated a lot of interest. Starting with Starobinsky's inflationary scenario [38, 39] of the early Universe in quantum-corrected general relativity with f (R) = R + αR 2 , we see that pure R 2 gravity is a very good approximation when the curvature and R are large. Recently it was shown [40] that the inflationary phase of the early Universe is best described by an R 2 theory in favor of Starobinsky's model. It is believed that quadratic gravity is in general renormalizable and asymptotically free [41] [42] [43] [44] . Yet they suffer from ghosts, except the simple case of R 2 -gravity which is the only scale invariant quadratic theory that is ghost-free [45] . The scale-invariance in quadratic gravity is extremely sensitive to external perturbations and so even the coupling with a small mass particle will break the scale symmetry. One can argue that for low curvatures, pure R 2 gravity is pathological because it lacks a Newtonian limit [46] and so astrophysical black holes are not relevant in this case. Yet however in the early inflationary phase primordial black holes could still be relevant. Static and spherically symmetric black hole solutions have been studied in R 2 -gravity [47] and it was shown that Birkhoff's theorem does not apply in this case, so that besides the Schwarzschild solution, the theory admits a rich structure of vacuum solutions. Moreover rotating and topological black holes in R 2 -gravity and their associated thermodynamics have also been studied [48, 49] .
In this paper we present a NHT for black holes in R 2 -gravity and therefore this extends the no-hair result obtained by Cañate [36] . The theorem is limited to static and spherically symmetric black holes, in vacuum or in the presence of conformally invariant matter. However unlike most of the NHTs (including that in Ref. [36] ) no assumption is made about the black hole asymptotics. The proof of this theorem makes use of the equivalence between f (R) theories and Brans-Dicke (BD) theory [50] together with a recent [51] NHT for spherical black holes in scalar tensor gravity with vanishing scalar potential. So in the next section we give a brief introduction to f (R) gravity and its equivalence with BD theory with vanishing BD coupling constant. In section III we take the case f (R) = R 2 and we prove the NHT for static and spherically symmetric black holes using the Jordan frame of the associated BD-theory. Then in section IV we present an example of a non-vacuum static and spherically symmetric black hole in R 2 -gravity with a conformally coupled massless scalar field having a Higgs-type quartic potential. The results are summarized and discussed in the conclusion.
II. SCALAR TENSOR REPRESENTATION OF F(R) GRAVITY
The action that corresponds to f (R) gravity has the generic form
where S (m) is the matter part of the action and κ is a constant. Varying this action with respect to the (inverse) metric g µν yields the following field equations
where T µν is the energy momentum tensor corresponding to the matter part of the action S (m) . The trace of these equations then yields
where T = −ρ + 3p is the trace of T µν . When used with (3) the above trace equation enables the field equations to take the Einstein form
where
is the effective source term due to the higher order curvature corrections. This is sometimes described as the "curvature fluid". Using the Einstein form of the field equations in (5), one can define the effective gravitational coupling G eff = G/f R (R). Hence for a positive G eff , we require that f R (R) > 0. Moreover stability of the theory would also require [52, 53] f RR (R) > 0 for R ≥ R 0 > 0 where R 0 is the value of the Ricci scalar today (calculated for the FLRW metric). The Einstein form of the field equations in (5) implies also that besides the conservation of the total energy momentum, the energy momentum tensor for the matter distribution T µν is independently conserved, i.e. ∇ µ T µν = 0. Note that in the case of a constant Ricci scalar R = R 0 , Eqs. (5) and (6) 
and an effective cosmological constant
). f (R) theories can account for the late time acceleration, as well as the early inflationary period without the need of a cosmological constant Λ or an extra scalar field as in scalar tensor theory (for a detailed review see Refs. [54, 55] and references therein). In this way dark energy effects arise solely from the geometry itself. However for any such f (R) model to be a viable theory of gravitation, it should also agree with observations on all gravitational scales, including the Solar System tests. So for example the first proposed f (R) model which accounts for the present day cosmic acceleration [56] , has the form f (R) = R − µ 4 /R, with a mass scale µ ∼ H 0 ≈ 10 −33 eV. This however was soon ruled out due to a catastrophic instability [52, 57] and the violation of post-Newtonian tests of GR [58] . Despite this the f (R) proposal for cosmology has been taken very seriously and over the last fifteen years f (R) gravity has been one of the most active areas of research in cosmology. Now it can easily be shown that f (R) theory is equivalent to scalar tensor theory, or more precisely BD theory with vanishing BD coupling parameter ω = 0. This would seem to be a problem for the theory because when ω = 0, the post-Newtonian parameter (PPN) γ BD = 1+ω 2+ω = 1/2 and this is very different from the value γ ∼ 1 required by Solar System tests. However it must be pointed out [50, 59] that the f (R) theory is not equivalent to the standard BD-theory with vanishing scalar potential. In fact the PPN parameter for f (R) theory is given by a more complicated expression than that of the BD theory [60] . In this case ω = 0 is accompanied by a non-zero V (φ) and so depending on the mass of the scalar field which is included in V (φ), the theory can agree with the Solar System tests. Hence introducing the scalar field and associated potential by
the field equations (3) and (4) become
respectively, where dV /dφ = R. The above equations are recognized as the field equations of BD theory with ω = 0 with a non-trivial potential, whose action takes the form
In order to obtain the scalar potential V (φ) the equation φ = f R (R) needs to be invertible, and conversely a given BD theory having ω = 0 can be expressed as an f (R) theory provided that the equation dV (φ)/dφ = R is invertible.
III. NO HAIR THEOREM FOR R 2 BLACK HOLES
As described in the Introduction, the proof follows the lines of a recent no hair result by Faraoni [51] for static and spherically symmetric black holes in the generalized Brans-Dicke theory with a variable coupling term ω(φ). However in that case, in order to integrate the field equations, the author assumed a zero scalar potential V (φ). In our case ω = 0 but as seen from Eq. (7), V (φ) is non-zero for f (R) = R 2 . So we start with a general static and spherically symmetric line element
In this case the position of the apparent horizon (which coincides with the event horizon due to the static geometry) is given by the locus of points satisfying ∇ α r∇ α r = 0, i.e. g rr = 0 or B → ∞. To simplify the field equations we consider a source with a trace-free energy momentum tensor such that T = 0. This can be represented by an electromagnetic field or a massless conformally coupled scalar field ψ having a zero or quartic potential. According to (7) when f (R) = R 2 , φ = 2R and so φ(r) depends only on the radial coordinate 1 r. The field equation (9), then takes the form
From (7) the scalar field potential is V (φ) = φ 2 /4 and so the RHS of the above field equation vanishes. Hence it takes the simple form ln
which can be integrated to give
where C is a constant of integration. Now on the event horizon 1/B → 0 and therefore if φ and φ ′ are finite there, then the above relation implies that C = 0 and so φ ′ (r) is zero everywhere outside the event horizon, meaning that the scalar field takes a constant value. In this case the BD field equations (8) reduce to Einstein's field equations with a cosmological term and so the black hole becomes the Schwarzschild (anti)de-Sitter black hole or the Reissner-Nordstöm (anti)de-Sitter black hole.
IV. A BLACK HOLE SOLUTION IN R 2 GRAVITY WITH A CONFORMALLY COUPLED SCALAR FIELD
In the presence of a non-minimally coupled scalar field ψ the general action is given by (taking κ = 8πG = c = 1)
where f (R, ψ) is a function of the Ricci scalar R and a nonminimally coupled scalar field ψ. Sometimes this is referred to as the generalized scalar tensor theory. The field equations obtained by varying the action with respect to the metric g µν and the scalar field ψ are given 1 Note that the fact that the metric is static and spherically symmetric does not imply that the scalar field is static as well. In fact there are various scalar field solutions in scalar tensor gravity with a time dependent scalar field. See for example [61] [62] [63] [64] .
respectively by [65] 
and
where the subscript in f R denotes partial derivative with respect to R. As in the minimally coupled case the effective gravitational coupling will be G eff = G/f R such that (16) takes the Einstein-form (5) with T eff µν given by the same expression in (6) with f (R) replaced by f (R, ψ). Now omitting ordinary matter and taking a conformally coupled scalar field in pure R 2 gravity such that f (R, ψ) = R 2 + ξRψ 2 ; ξ = 1/6 in (15), the above field equations become
respectively. For a quartic potential V (ψ) = λψ 4 , the above field equations are solved by the following static and spherically symmetric line element (20) with the scalar field given by
and λ = −1/288. The line element coincides with the extreme case (Q = M) of the ReissnerNordström-de Sitter black hole solution in GR with the inner and outer event horizons at
and a cosmological horizon at r c = l 2
(1 + 1 − 4M/l), where l = 3/Λ. The scalar field is regular everywhere outside the event horizon and is singular at r = M which is located between the two event horizons. The metric has a curvature singularity at r = 0. This metric has also been shown [66] to be a solution of the field equations in GR with a conformally coupled scalar field φ = 3/4π √ GM/(r − GM) having a quartic potential V (φ) = αφ 4 , where α = − (20) and (21) is the same solution obtained in Ref. [66] . Indeed redefining φ = ψ/ √ 8Λ and α = 8Λλ and using the fact that in our case we let 8πG = 1, it is easy to show that the two solutions are equivalent. However this doesn't happen in the case when the Ricci scalar R = 0, i.e., Λ = 0. In the GR case the solution in Ref. [66] reduces to the well know BMBB solution found by Bronnikov, Melnikov and Bocharova [67] and independently by Bekenstein [68] . In our case the BBMB solution is not a solution of pure R 2 gravity. It should be noted that the scalar field in (21) is not defined in terms of an extra global "charge" (the constants of integration M and Λ appear in the metric) and so it does not endow the black hole with hair. Letting M → 0 or Λ → 0 results in a vanishing scalar field. The first limit leads to the (A)dS metric as a solution of R 2 gravity with a constant Ricci scalar, which as noted above is equivalent to GR. The second limit leads to the extreme Reissner-Nordström metric, again as a solution of R 2 gravity, but now with a vanishing Ricci scalar.
V. CONCLUSION
In this paper we have proved a NHT for the scale-invariant ghost free pure R 2 gravity. This extends a recent result by Cañate [36] who recently extended the no-hair result to f (R) theory, which however excluded the case f (R) = R 2 . Moreover unlike previous NHTs in GR and other alternative theories including Cañate's, our proof does not place any restrictions on the black hole asymptotics. When proving NHTs, it is usually very difficult to avoid the assumption of asymptotic flatness, and even de Sitter asymptotics may be problematic. Doing away with these restrictions would be desirable for the future study of more realistic black holes embedded in FLRW backgrounds. In order to be able to integrate the field equations we limited our result to static and spherically symmetric black holes. We used the equivalence between general f (R) theory and scalar tensor theories. The result is also based on a proof by Faraoni [51] of the NHT for spherical scalar-tensor black holes with vanishing scalar potential. We have also presented an example of a static spherically symmetric black hole in R 2 gravity having a conformally coupled scalar field with associated Higgs-like potential. The metric in this case is identical to the extreme Reissner-Nordström-de Sitter solution and the scalar field is regular everywhere outside the horizon and vanishes asymptotically. This solution is also equivalent to that obtained in Ref. [66] in the case of GR with a cosmological constant and a conformally coupled scalar field. The conformally coupled scalar field would not qualify as an example of hair, considering that it is regulated by the same parameters that appear in the metric.
